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Abstract

This paper presents numerical and scaling analysis for continuous stiffness measurement (CSM) in nanoindentation
tests. It shows numerically and experimentally that in CSM with sharp indenters the indentation displacement is pro-
portional to stiffness and load is proportional to stiffness squared. The slopes of the two linear functions have been rep-
resented by two universal scaling functions obtained using self-similarity analysis. The scaled functions depend only on
two governing parameters for materials with power law strain hardening behavior. One is the strain hardening exponent
and the other is the nondimensional parameter ~e�Y ¼ rY tan h=E� where E* = E/(1 � m2), E is Young�s modulus, rY is
yield stress, m is Poisson�s ratio and h is the equivalent half angle of the sharp indenter. The large deformation finite
element method (FEM) has been used to simulate CSM nanoindentation and validate the universality of the functions
over scaling parameters. To simulate small displacement oscillations applied on the indenter during CSM nanoinden-
tation linear perturbation in the FEM computation has been used. Explicit equations for the universal scaling functions
with and without friction have been obtained by fitting numerical results. The scaling functions asymptotically
approach the elastic solution at low plasticity (~e�Y ! 1) and the full plastic solution at high plasticity (~e�Y ! 0) and
are valid in the elasto-plastic regime. Applicability of the scaling functions for nonpower-law stress–strain relations
has been demonstrated with use of two representative strains.
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1. Introduction

Instrumented micro and nanoindentation is becoming an increasingly important method of measuring
elasto-plastic properties on small samples (Doerner and Nix, 1986; Oliver and Pharr, 1992, 2004; Tabor,
1996; Fischer-Cripps, 2002; Li and Bhushan, 2002). With very small diamond indenter tips and high reso-
lution of force and displacement sensing in nanoindentation instruments, the measurements are performed
at the nano/micro scale. The material properties are determined from analysis of displacement/load beha-
vior during loading and unloading cycles (for a review of different methods see Fischer-Cripps, 2002). The
relation between displacement and load during loading and unloading has been comprehensively studied
using finite element simulations (Larsson et al., 1996; Bhattacharya and Nix, 1988; Cheng and Cheng,
1998; Bolshakov and Pharr, 1998; Knapp et al., 1999; Dao et al., 2001; Sakai et al., 2004). To reduce
the number of governing parameters and formulate general relations between load and indentation depth
and the initial slope in unloading (Fig. 1), dimensional analysis has been applied to obtain scaling relations
for conical indentation in elasto-plastic solids (Cheng and Cheng, 1998, 1999, 2000; Dao et al., 2001).

Traditionally, the Young�s modulus and the indentation hardness (Doerner and Nix, 1986; Oliver and
Pharr, 1992) are determined from analysis of the indentation loading and unloading responses based on
Sneddon�s elastic solution (Sneddon, 1965). This method allows one to determine the reduced Young�s
modulus and hardness with different precision which is sometimes difficult to evaluate due to plasticity-
induced piling-up. There is significant interest in determining elasto-plastic material properties (Young�s
modulus E, yield stress rY and strain hardening exponent n) from nanoindentation tests as has been done
from uniaxial tensile/compression experiments. Different investigators approach this task utilizing an inver-
sion of the finite element model (FEM) by fitting the loading and unloading force–displacement nanoinden-
tation response (Bhattacharya and Nix, 1988; Suresh and Giannakopoulos, 1998; Knapp et al., 1999;
Giannakopoulos and Suresh, 1999; Constantinescu and Tardieu, 2001; Tunvisut et al., 2001; Xu and
Rowcliffe, 2002; Mata and Alcalá, 2003). However, direct inversion of FEM computations is very expensive
computationally. In this regard significant progress has been achieved by Dao et al. (2001), who have devel-
oped, based on extensive FEM simulation, fitting functions for a wide range of properties for materials with
power-law strain hardening behavior. Using these functions the inversion process to determine the elasto-
plastic material properties from instrumented indentation tests is significantly simplified. However it was
understood that only two elasto-plastic parameters could be found from one indentation loading and
Fig. 1. A typical indentation load–depth relation of an elasto-plastic semispace material for a conical or Berkovich indenter.
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unloading response (Cheng and Cheng, 1999; Chollacoop et al., 2003; Bucaille et al., 2003). To determine
all three parameters for materials with power law strain hardening (E, rY and n), it was proposed to use
indentation results obtained with two sharp indenters with different apex angles (Chollacoop et al., 2003;
Bucaille et al., 2003).

An alternative method of nanoindentation testing is the continuous stiffness measurement (CSM) tech-
nique (Oliver and Pharr, 1992; Li and Bhushan, 2002). In this technique, the stiffness is measured conti-
nuously during the indentation test by imposing a small oscillating force during loading. This is
particularly important for testing of material systems that have elastic properties varying with depth, for
example thin film systems.

In this paper, we study the relations between load, displacement and dynamic stiffness in CSM nano-
indentation of homogeneous materials using finite element simulation and scaling analysis. Based on these
we obtain explicit universal scaling relations. Our scaling analysis is based on the small deformation formal-
ism. It shows that for a power-law strain hardening stress–strain relation the scaling functions depend on
only two parameters: the power law exponent n and a parameter ~e�Y ¼ rY tan h=E� introduced originally by
Johnson (1970) and used by others (Storåkers et al., 1997; Mesarovic and Fleck, 1999; Larsson, 2001). It
will be of great interest to extend this conclusion theoretically to large deformation theory. However this is
beyond the scope of this paper and the applicability of the scaling functions obtained to the large deforma-
tion formulation necessary for description of indentation with sharp indenters is validated numerically. We
also show how our results can be extended to materials with more general than the power-law strain hard-
ening stress–strain relation. Our scaling approach is different from previous studies (Cheng and Cheng,
1998, 2000; Dao et al., 2001) in that the scaling includes the conical apex angle and our universal fitting
functions of the numerical results are based on asymptotic behavior of the elastic–plastic solution in the
elastic and full plastic regimes.
2. Background and problem statement

Fig. 1 shows a typical indentation response for sharp indenters such as conical and Berkovich indenters.
From the dimensional and similarity analysis (Cheng and Cheng, 1998, 2000; Dao et al., 2001), the loading
response for such indenters is governed by the parabolic force–displacement relation
P ¼ CD2; ð1Þ

where P is the indentation force and D is the indentation depth. The unloading response is a nearly elastic
recovery, which is characterized by the initial unloading slope S (unloading stiffness). Therefore from the
loading–unloading nanoindentation test with a sharp indenter, one may determine two independent para-
meters: the curvature of the loading response C [N/m2] and the initial unloading slope S at maximum inden-
tation depth Dmax (Fig. 1).

It has been demonstrated in several studies that elasto-plastic properties of materials may be determined
from the instrumental loading–unloading cycle using finite element simulations and optimizing fitting of the
indentation response by a model (for comprehensive review see Dao et al., 2001). However such an ap-
proach is computationally expensive since such an analysis must be performed for each separate experimen-
tal case. The approach may be significantly facilitated by introducing universal scaling functions using
dimensional analysis which relate indentation parameters S and C to elasto-plastic material properties
and indenter geometry. In this analysis, the stress r–strain e relation under uniaxial test is assumed to be
given by
r ¼
Ee; e < eY;

Ren; e P eY;

�
ð2Þ
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where E is Young�s modulus, eY = rY/E the strain at yield stress rY, n the strain hardening exponent and R

a strength coefficient. To assure continuity of stress–strain curve at yielding rY ¼ EeY ¼ RenY, the strength
coefficient R is related to yield stress and strain as R ¼ rY=enY. More general stress–strain relations will be
addressed in Section 8.

To reduce the number of variables affecting nanoindentation with sharp indenters, Cheng and Cheng
(1998), and Dao et al. (2001) have proposed scaling functions for the coefficient C in (1) and unloading
slope S in the form
C ¼ rrP1h
E�

rr

; h

� �
; ð3aÞ

S ¼ E�DmaxP2h
E�

rr

; n; h
� �

: ð3bÞ
where E* = E/(1 � m2) is the reduced modulus (m is Poisson�s ratio), rr is the representative stress and h is the
half apex angle of the conical indenter. The scaling function P1h is independent of the strain hardening
exponent n if an appropriate representative strain er is selected (Dao et al., 2001). The empirical expressions
for functions P1h and P2h have been found (Dao et al., 2001) by fitting the numerical results obtained with
larger deformation finite element analysis (FEM). Bucaille et al. (2003) also showed that the parameter
C/tan2h is approximately independent of apex angle h.

One of the modalities of nanoindentation testing is the continuous stiffness measurement (CSM) tech-
nique. In the CSM method the load P, displacement D and dynamic contact stiffness s, which equals the ini-
tial unloading slope S under quasi-static approximation, are measured continuously during loading.
Therefore in this mode of operation, besides the P–D relation (1), one also obtains P–s and D–s relations
during loading. Fig. 2 presents experimental CSM data (open circles) obtained by an MTS Nanoindenter�

XP instrument using a standard Berkovich tip on an Al2024 T3 sample. The P–D2 relation is shown in
Fig. 2(a), theD–s in (b) and the P–s2 in (c); the solid lines show linear fittings. As can be seen, for bulk homo-
geneous materials the indentation displacement D is linearly related to the dynamic stiffness s and the load P
is linearly related to the square of s. From the loading response in the CSM measurement, we have
P ¼ CD2; D ¼ Cds; P ¼ Cps2; ð4Þ

where C [N/m2 ], Cd [m

2/N] and Cp [m
2/N] are the slopes of the linear functions obtained by fitting of the

experimental data as shown in Fig. 2. The utility for nanoindentation of the P / s2 relation has been dis-
cussed by Joslin and Oliver (1990). The parameters Cp, Cd and C depend on material elasto-plastic pro-
perties and tip geometry. From Eq. (4), one finds the relation C ¼ Cp=C

2
d; thus there are only two

independent parameters.
The relations (4) hold in general for indentation of homogeneous semispaces with Berkovich and other

conical-equivalent indenters. Thus two independent parameters Cd and Cp can fully characterize the CSM
indentation response with a sharp indenter. Below, using scaling analysis and large deformation finite ele-
ment computations, we will investigate the relations of Cd and Cp to the elasto-plastic material properties
and the indenter geometry. We will obtain nondimensional universal functions for these relations, using
which one can simplify the inverse determination of the elasto-plastic properties from the CSM indentation
measurements.
3. Scaling analysis

Analytical solutions for conical indentation are limited to elastic (Sneddon, 1965) and rigid-plastic solids
(Lockett, 1963). For general elasto-plastic solids, numerical methods have been extensively used. However,



Fig. 2. Typical CSM nanoindentation responses for Al2024 T3. (a) Relation between displacement square and load. (b) Relation
between displacement and dynamic stiffness s. (c) relation between load and square of dynamic stiffness s2.
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because there are five governing variables (apex angle h and four material properties E, m, n, rY), it is dif-
ficult to obtain numerically general relations between them and the experimental parameters (C, Cd, Cp).
However, due to the geometrical similarity of the conical indenter, it is possible to obtain general depen-
dences of the experimental parameters (C, Cd, Cp) with the five governing parameters (h, E, m, n, rY) thus
reducing the number of free variables.

For spherical indentation, Hill et al. (1989) developed a self-similar solution for a power law nonlinear
elastic material and gave a theoretical interpretation of Meyer�s law in the Brinell hardness test. Storåkers et
al. (1997) applied similar analysis to more general constitutive properties of materials and tip geometry. In
this section following Hill et al. (1989), we will use the concept of self-similarity analysis to obtain scaling
formulations for the two independent experimentally-measurable parameters Cd and Cp. To do this we will
deal with the small deformation elasto-plastic formulation which in the following section will be validated
and quantified by FEM computations within the large deformation formalism.

The sharp indenters such as Berkovich are approximated by conical indenters with equivalent half
angles. A schematic of the conical indentation is given in Fig. 3 where cases for piling-up (Fig. 3a) and



Fig. 3. Schematic of the conical indentation. (a) Material piling-up, ai < a and (b) sinking-in, ai > a.
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sinking-in (Fig. 3b) are shown. Within a small strain formulation, the constitutive equation of the homo-
geneous substrate is given by Hooke�s law in the elastic regime. In the elasto-plastic regime, the von Mises
yield criterion and the associated Prandtl–Reuss flow rule are used (Mendelson, 1968; Larsson et al., 1996):
_rij ¼
E

1þ m
dikdil þ

m
1� 2m

dijdkl �
E

1þ v

3r0
ijr

0
kl

2r2
e

2
3
Bþ E

1þm

� �
8<:

9=;_eij; ð5Þ
where rij is the Cauchy stress; E is Young�s modulus, m is Poisson�s ratio, dil is Kronecker�s identity tensor,

eij is the strain tensor and r0
ij ¼ rij � rkkdij=3 is the deviatoric stress. re ¼ 3

2
r0
ijr

0
ij

� �1=2

is the von Mises effec-

tive stress. The dot superscript represents small increments. B = dr/dep is the slope of the stress–plastic
strain (r–ep) relation obtained by uniaxial test. The stress–strain relation under uniaxial test is assumed
to be given by Eq. (2).

The boundary conditions for conical indentations, as shown schematically in Fig. 3, are
rrz ¼ rzz ¼ 0 for r > a ð6aÞ
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and
rrz ¼ 0; uz ¼ D� r= tan h for r 6 a; ð6bÞ

where h is the half angle of the conical indenter and we assume no friction between contact surfaces. The
constitutive Eqs. (2), (5) and the boundary conditions (6) together with the equilibrium equation
rij;i ¼ 0; ð7Þ

define uniquely an indentation solution.

From Eqs. (5)–(7) follows that the solutions (contact stress, indentation displacement D) are functions of
five governing parameters E, m, rY, n, h. To reduce the number of variables, we introduce scaled spatial
variables ~xi; ~r and displacement ~ui as
~xi ¼ xi=a; ~r ¼ r=a; ~ui ¼ ui tan h=a: ð8Þ

The normalized strain ~eij and stress ~rij are given by
~eij ¼ eij tan h; ~rij ¼ rij=rY: ð9Þ

We also define a nondimensional parameter ~eY ¼ eY tan h and reduced parameter
~e�Y ¼ rY tan h
E� ; ð10Þ
where E* = E/(1 � m2). The universal parameter ~e�Y is the normalized yield strain. From Eq. (9), for the nor-
malized stress–strain slope eB we have eB ¼ d~r=d~ep ¼ B=~eY. The parameter ~e�Y and its inverse
1=~e�Y ¼ E�=ðrY tan hÞ have been introduced as governing parameters by Johnson (1970, 1985) for scaling
and comparing of hardness data. They have been also used by a number of other researchers (Storåkers
et al., 1997; Mesarovic and Fleck, 1999; Larsson, 2001; Sakai et al., 2004).

With the scaled variables defined by (8), (9), the indentation problem is reformulated as: the Prandtl–Re-
uss equations
_~rij ¼
1

ð1þ mÞ~eY
dikdil þ

v
1� 2m

dijdkl �
1

1þ m

3~r0
ij~r

0
kl

2~r2
e

2
3k
eB þ 1

1þm

� �
8<:

9=;_~eij; ð11Þ
the stress–strain relation
~r ¼
~e=~eY; ~e < ~eY;

ð~e=~eYÞn; ~e P ~eY

�
ð12Þ
and boundary conditions
~rrz ¼ ~rzz ¼ 0 for ~r > 1; ð13aÞ

and
~rrz ¼ 0; ~uz ¼
D tan h

a
� ~r for ~r 6 1: ð13bÞ
The scaled equilibrium equation is the same as Eq. (7) with the stresses rij replaced by scaled stresses ~rij.
With the scaled variables, the original indentation problem (5)–(7) is reduced to the scaled indentation

problem (11)–(13). It follows from Eq. (11)–(13) that the original contact problem is mapped onto a unit
circle in the scaled variables. One can see from Fig. 3 that the parameter D tan h

a ¼ ai=a is the ratio of nominal
radius ai to contact radius a and D tan h

a is an invariant of the contact problem. The parameters ~eY, n and m are
uniquely related to the invariant D tan h

a by Eq. (11)–(13). The Poisson�s ratio may be included in the reduced
modulus E* = E/(1 � m2) (Johnson, 1985) (this will be verified in Section 5); thus the two variables ~eY, mmay
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be combined into one reduced variable ~e�Y ¼ ~eY=ð1� m2Þ (Eq. (10)). Therefore we can write D tan h
a as a func-

tion of ~e�Y and n only:
D tan h
a

¼ F dðn;~e�YÞ: ð14Þ
Using the scaled variables, the indentation load P is given by
P ¼ 2p
Z a

0

rzzrdr ¼ pa2rY

Z 1

0

~rzz d~r
2: ð15Þ
The load P is represented as a nondimensional parameter P
0:5pa2rY

and is a function of ~e�Y and n :
P
0:5pa2rY

¼ 2

Z 1

0

~rzz d~r
2 ¼ F pðn;~e�YÞ; ð16Þ
Eqs. (14) and (16) are two universal scaled functions depending on only two parameters ~e�Y and n.
The function Fd is the ratio of nominal radius ai and contact radius a (Fd = ai/a), which characterize the

sinking-in and piling-up effects in the indentation (Fig. 3). The function Fp is twice the ratio of a mean con-
tact stress (P/pa2) and yield stress rY. The explicit forms of Fd and Fp for general elasto-plastic materials are
not available. For elastic deformation, the contact solutions can be obtained analytically (Sneddon, 1965)
and Fd and Fp are found explicitly as
F d ¼ p=2; F p ¼ 1=~e�Y: ð17Þ

To relate the Fd and Fp to the parameters Cd and Cp in CSM measurements, we assume that the CSM mea-
surements are quasi-static. In this case there is a general relation between contact radius a and contact stiff-
ness s (Cheng and Cheng, 1997; Dao et al., 2001)
s ¼ 2abE�; ð18Þ

where b is a correction factor, which equals one for a small deformation solution (Sneddon, 1965) of an
elastic material for any axisymmetric tip. Its value for general elasto-plastic solutions with large defor-
mation is analyzed numerically in Section 5.2. Substituting Eq. (18) into Eq. (4) and comparing with
Eqs. (14), (16), we obtain the relation between experimentally-measurable coefficients Cd, Cp and C in
Eq. (4) and universal nondimensional functions Fd and Fp
Cd ¼
1

2bE� tan h
F dðn;~e�YÞ; ð19aÞ

Cp ¼
prY

8b2E�2 F pðn;~e�YÞ: ð19bÞ

C ¼ prYF pðn;~e�YÞtan2h

2F 2
dðn;~e

�
YÞ

; ð19cÞ
One can also rewrite the coefficient Cp through the function Hðn;~e�Y; rYÞ ¼ P=pa2 ¼ rYF pðn;~e�YÞ=2, which
becomes material hardness H when a plastic zone develops under an indenter
Cp ¼
p

4b2E�2 Hðn;~e�Y; rYÞ: ð19dÞ
Using scaling analysis, we obtained two universal nondimensional functions to determine the two inde-
pendent parameters Cd and C p measurable with the CSM nanoindentation test with sharp indenters. The
scaling functions Fd and Fp have been obtained under the assumption of small deformation; the generality
and validity of the scaled relations will be numerically validated in the next section using large deformation
FEM computations.
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4. FEM model

The explicit form of the scaling functions Fd and Fp cannot be obtained for general elasto-plastic mate-
rials. To relate these functions to material properties and tip geometry, comprehensive numerical simula-
tions using finite element methods are performed and the analytical representation for these functions
are obtained by fitting the simulated results. However the fitting function will satisfy asymptotic behavior
for small and large ~e�Y.

An axisymmetric finite element model with 6466 four-noded quadrilateral elements has been developed
as shown in Fig. 4(a). The indenter cone is represented by an analytical rigid surface. The outside bound-
aries at the right and bottom of Fig. 4(a) are represented by infinite elements. All materials are modeled
with the rate-independent von Mises yield plasticity model in ABAQUS� (version 6.4) with strain–stress
relation defined by Eq. (2). Calculations are performed using the ABAQUS� large deformation option.
In most of our cases the contact between indenter and substrate is frictionless; the effect of friction is dis-
cussed in Section 7.

To simulate the CSM measurements during indentation loading, the loading step is divided into several
small substeps as shown in Fig. 4(b). Between two substeps, the linear perturbation procedure in ABA-
QUS� is inserted. In the linear perturbation step, the tip is excited with a 75 Hz (as in the experiment) vibra-
tion with 1 nm amplitude or applied 1 nm static displacement and the corresponding response force is
calculated. The stiffness is the ratio of the response force and the applied displacement. Because the system
resonance frequency is above 1 MHz when the tip is in contact with the material, while the driving fre-
quency of CSM measurement is 45 Hz, the CSM measurement can be considered quasi-static. Our simula-
tions show that the dynamic and static initial unloading stiffnesses are identical for the materials
considered.
5. Numerical validation of the scaling relations

5.1. Displacement and load versus dynamic stiffness

Using the finite element model described in the previous section, comprehensive parametric studies have
been performed for different materials and half apex angles. Fig. 5(a) shows the relation between displace-
ment and stiffness and 5(b) between load and square of stiffness. All these relations can be linearly approx-
imated, which agree with the scaling analysis based on the small deformation assumption. The
computations have been performed for a conical indenter with 70.3� half apex angle. The 20 curves present
results for 20 materials with different rY/E ratios which vary linearly from 0.001 to 0.02 with a step of 0.001
(the lower limit is extended to 0.0001 in the next section). The modulus E is 100 GPa and Poisson ratio is
0.3; strain hardening exponent n is 0.2. For common engineering metals, the value for Young�s modulus E
varies between 10 and 210 GPa and yield stress rY between 30 MPa and 3000 MPa (Bolshakov and Pharr,
1998; Dao et al., 2001) which gives for the rY/E ratio range from 0.001 to 0.04. This corresponds to the
range for the universal parameter ~e�Yð1=~e

�
YÞ from 0.0028 (3580) to 0.1 (10) for a standard Berkovich indenter

h = 70.3�. For example, for Al 2024 T3 (E = 80 GPa, rY = 350 MPa), ~e�Yð1=~e
�
YÞ ¼ 0:0122ð81:8Þ.

5.2. The correction factor b

The factor b in Eqs. (18) and (19) is very important in calculating the contact area or modulus with
known contact stiffness. Cheng and Cheng (1997) have shown that Eq. (18) with b = 1 is valid for materials
with work hardening and residual stress under the assumption of infinitesimal deformation. Hay et al.
(1999) showed that even for linear elastic materials, b is not unity for an indentation with a rigid cone if



Fig. 4. Finite element model for a conical indenter. (a) Mesh design. The conical tip is represented by a rigid surface. (b) Schematic of
load steps. The indentation is controlled by the displacement of the tip. The maximum displacement is 500 nm. The total load step is
uniformly divided into substeps. At the end of each substep as indicated by stars, a linear perturbation analysis is performed to
simulate the continuous stiffness measurement.
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Fig. 5. Computation results for a conical indenter with half apex angle h = 70.3�; the materials have modulus E = 100 GPa and the
rY/E ratio increases linearly from 0.001 to 0.02 with a step of 0.001. (a) Relation between displacement and stiffness. (b) Relation
between load and square of stiffness.
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finite strain and rotation are considered. They showed that this is also because Sneddon�s solution (1965)
allows radial displacements in the contact region which does not conform to the boundary of the rigid cone.
The approximate analytical equation given by Hay et al. (1999) shows that b depends on Poisson�s ratio and
the conic angle.

In the elasto-plastic regime, a wide range of bs have been reported. b has been calculated by Dao et al.
(2001) to be 1.06 and by Cheng and Cheng (2000) to be between 1.06 and 1.11. A good review of the results
of different authors for b is given by Oliver and Pharr (2004). To elucidate these differences in the b values,
we have performed a systematic parametric study calculating the contact radius a at each perturbation step
(Fig. 4) and computing, at the same indentation depth, the stiffness from the perturbation displacement and
force. With the known modulus and Poisson�s ratio, we have determined from Eq. (18) the correction factor
b for various material properties and indenter cone angles h as shown in Fig. 6. The dashed lines in Fig. 6
indicate the results calculated using Eq. (19) in Hay et al. (1999). As shown in Fig. 6, b is never unity from



Fig. 6. Parameter b versus ~e�Y. Poisson�s ratio is 0.3. Three horizontal dotted lines are calculated using Eq. (19) in Hay et al. (1999).
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the elastic to the fully plastic region and depends on cone angle h and hardening exponent n and the extent
of plasticity ~e�Y. If FEM computations are performed in the small deformation approximation, b is close to
1.03 for all three cone angles (not shown in the figure). The deviation of b from unity is more significant for
FEM computation with large deformations and rotation. As shown in Fig. 6, b varies with 1=~e�Y. It has the
largest value in the elastic region ð1=~e�Y < 1:0) and decreases as 1=~e�Y increases. b has larger variation versus
strain hardening exponent n at 1=~e�Y around 10 and approaches a constant for 1=~e�Y above 1000. In the elas-
tic region ð1=~e�Y < 1:0Þ, it has reasonable agreement (within 1%) with the estimated values given by Hay
et al. (1999). In both the elastic and full plastic regimes, it is almost independent of the strain hardening
exponent n ; however it depends on n in the elasto-plastic region. The value of b also depends on the cone
angle. For standard Berkovich indenters with effective cone angle 70.3�, one may select b to be 1.052 which
is the average value in the full plastic region.

5.3. Universal scaling functions Fd and Fp

To further validate the universal scaling relation for Fd and Fp, we have performed a numerical paramet-
ric study of the F d–~e

�
Y and F p–~e

�
Y relations for various material properties and apex angles of indenters. For

given indentation apex angle h and material parameters E, m and n, we have computed D–s and P–s2 rela-
tions similar to Fig. 5, with linear increase of the rY/E ratio from 0.001 to 0.02 with a step of 0.001. The
coefficients Cd and Cp are found as slopes of the D-s and P�s2 relations by least square linear fitting of the
numerical data. Then from the Cd and Cp coefficients the two scaled functions Fd and Fp are calculated
using Eq. (19). Figs. 7 and 8 show the effect of Young�s modulus E and Poisson�s ratio on the scaling rela-
tions. As shown in Figs. 7, 8, for m = 0.3, n = 0.2 and three different moduli E = 30, 100, 200 GPa, the
scaled functions Fd and Fp are identical, i.e. the functions depend only on the parameter ~e�Y (10). For
E = 100, n = 0.2, the scaled functions Fd and Fp are close for three different Poisson�s ratios m = 0.25,
0.3, 0.35, indicating that its effect can be included using the reduced modulus, and in the following analysis
we select m = 0.3. Figs. 9 and 10 plot the scaled relations for three different half apex angles (h = 60�, 70.3�,
80�) for different strain hardening exponents n. They show the scaled functions are universal over apex
angle.

Figs. 7–10 demonstrate numerically, in the regime of large deformation, the validity of universal prop-
erties of the scaling functions, although they were obtained using small deformation analysis. The scaled
function Fd is similar to the surface profile parameter c1 defined by Sakai et al. (2004) who also numerically



Fig. 7. Effect of Young�s modulus E and Poisson�s ratio on the scaling relation between Fd and ~e�Y. The strain hardening exponent is
0.2.

Fig. 8. Effect of Young�s modulus E and Poisson�s ratio on the scaling relation between Fp and ~e�Y. The strain hardening exponent is
0.2.

L. Wang, S.I. Rokhlin / International Journal of Solids and Structures 42 (2005) 3807–3832 3819
demonstrated the universality of this scaled function over the apex angle for elasto-plastic materials with
linear strain-hardening. The parameter C/tan2h (Eq. (19c)) is also a universal function over the apex angle;
this fact has also been approximately verified by Bucaille et al. (2003).
6. Explicit representation of the scaling functions

In the previous section, using finite element simulation, we have verified the generality of the scaled for-
mulation Fd, Fp. However, the exact analytical formulations for these functions cannot be obtained in the



Fig. 9. Effect of apex angle on the scaling relation between Fd and ~e�Y for different strain hardening exponents n.

Fig. 10. Effect of apex angle on the scaling relation between Fp and ~e�Y for different strain hardening exponents n.
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general case of elasto-plastic materials. Here we obtain these functions by fitting the numerical results and
then use the asymptotic behavior of the solutions for small and large ~e�Y. To analyze Fd, Fp versus ~e

�
Y we plot

them for different ns in a log/log scale. We have selected a very large range of ~e�Y to demonstrate their
asymptotic behavior in Figs. 11 and 12.

6.1. Asymptotic behavior at small and large ~e�Y

At small 1=~e�Y (less than 1.0), Fd approaches the elastic solution: F d ¼ F 0
d ¼ p=2 (Fig. 11); this condition

corresponds to rY approaching infinity. For incompressible materials (m = 0.5), yield will initiate only at the
apex angles of the indenter when 1=~e�Y > 1 (Johnson, 1985) while for compressible material, plastic flow ini-
tiates for any value of ~e�Y but is small for large ~e�Y. For Fp, in the elastic regime the numerical result based on



Fig. 11. Relation between Fd and ~e�Y.

Fig. 12. Relation between Fp and ~e�Y.
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large deformation is slightly larger than from Sneddon�s elastic solution (F p ¼ 1=~e�Y, Eq. (17)) as has been
discussed by Hay et al. (1999). Based on the analysis for parameter b in Section 5.2, Fp may be represented
as
F p ¼ F 0
p ¼ be=~e

�
Y; ð20Þ
where be corresponds to the elastic limit of b at 1=~e�Y < 1 (Fig. 6).
As ð1=~e�Y) increases, the contribution of plasticity increases (rY decreases), and Fd decreases and for a

given strain hardening exponent n approaches a constant F1
d . In the full plasticity limit, F1

d depends only
on the strain hardening exponent n. Based on the numerical results at the full plastic range at
ð1=~e�YÞ ¼ 4395:6 shown in Fig. 13(a), it is found that F1

d can be approximated as a linear function of n as



Fig. 13. Results in full plastic regime. The open circles are numerical results at 1=~e�Y ¼ 4395:60. The solid lines show the fittings (Eqs.
(21) and (22)). (a) F1

d versus n. (a) logðF1
p Þ versus n. Both relations are approximately linear.
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F1
d ¼ 0:6523nþ 0:7682: ð21Þ
The value of Fd = ai/a (see Fig. 3) is important to distinguish the indentation status with material ‘‘sink-
ing-in’’ or ‘‘piling-up’’. For small ð1=~e�YÞ, Fd is larger than one (ai > a) which corresponds to ‘‘sinking-in’’ of
the deformed surface profile (see Fig. 3b). As ð1=~e�YÞ increases, Fd may become less than one (ai < a) which
corresponds to ‘‘piling-up’’ of the deformed surface profile (Fig. 3a). The transition value of 1=~e�Y from
‘‘sinking-in’’ to ‘‘piling-up’’ depends on the strain hardening exponent n. The larger n is the larger is the
transition value of 1=~e�Y. From Eq. (21), one obtains that when n > 0.35, Fd is always larger than one
and therefore only ‘‘sinking in’’ behavior is observed even for large 1=~e�Y.

Fig. 12 represents the F p–~e
�
Y relations, Fp approaches the elastic solution (F p ¼ ~e�Y) at small 1=~e�Y. In the

full plastic regime (large 1=~e�Y), in a log-log scale Fp has a linear relation with 1=~e�Y. Therefore in this range
Fp can be represented as a power function of ð1=~e�YÞ (Fig. 13b)
F1
p ¼ 5:6ð0:22=~e�YÞ

n
: ð22Þ
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From Eqs. (19b) and (19d) we can obtain the relation between Fp and hardness H: Fp = 2H/rY and rewrite
Eq. (22) as
H ¼ 2:8rT
r ; ð23Þ
where rT
r ¼ rYð E

rY
eTr Þ

n is the representative flow stress and eTr is the Tabor�s representative plastic strain

which is obtained as
eTr ¼ 0:22

ð1� m2Þ tan h : ð24Þ
For the Berkovich indenter (h = 70.3�), eTr equals 8.65% for m = 0.3. From analysis of the available exper-
imental data Tabor (1951) has found that the hardness value is about three times rr at a representative
strain eTr of 8–10%. Numerical simulations given by Cheng and Cheng (2000) show H ¼ 2:8rT

r at represen-
tative strain eTr ¼ 10%. Larsson (2001) and Mata et al. (2002) numerically obtained similar results. In gen-
eral, according to Johnson (1985) the representative strain eTr is expressed as 0:2= tan h. Thus the relation
(22) is in good agreement with experimental results and other numerical simulations.

6.2. Arbitrary ~e�Y

The explicit representations for Fd and Fp in a whole range of the parameter 1=~e�Y are obtained by fitting
the numerical results (shown in Figs. 12 and 13 by solid lines). We select fitting functions in such a way that
they asymptotically converge to the elastic solution when the yield stress approaches infinity (small 1=~e�Y)
and to the similarity solution when the yield stress approaches zero (large 1=~e�Y). Based on these criteria
and the behavior of Fd and Fp shown in Figs. 12 and 13, we select Fd, Fp as
F d ¼
p
2
þ F1

d � p
2

� �
W dðn;~e�YÞ; ð25Þ

F p ¼
1

1
F 0
p
þ 1

F1
p
W pðn;~e�YÞ

; ð26Þ
where W dðn;~e�YÞ and W pðn;~e�YÞ are two weighting functions, which equal one when ~e�Y is zero and equal zero
as ~e�Y approaches infinity. We have selected W dðn;~e�YÞ and W pðn;~e�YÞ in the form
W d ¼
1þM3~e

�
Y

1þM4~e
�
Y þM2~e

�2
Y þM1~e

�4
Y

and W p ¼
1þ N 3~e

�
Y

1þ N 4~e
�
Y þ N 2~e

�2
Y þ N 1~e

�4
Y

; ð27Þ
where the parameters Mi and Ni(i = 1, . . .4) are polynomial functions of n; their coefficients are determined
by least square minimization of the deviation of the fitting functions from the numerical results:
M1 ¼ 4029085:1n4 � 3433399:5n3 þ 1002412:7n2 � 49901:37nþ 236:26;

M2 ¼ 83651:34n4 � 63538:0n3 þ 21664:08n2 � 1086:89nþ 8:24199;

M3 ¼ 13356:83n4 � 10190:15n3 þ 3047:238n2 � 131:8854n� 0:84493;

M4 ¼ 16465:49n4 � 12513:71n3 þ 3636:994n2 � 136:5563nþ 10:29702;

ð28aÞ

N 1 ¼ �1369:298n4 þ 2107:555n3 þ 7844:612n2 � 7387:781nþ 1677:144;

N 2 ¼ 137303:3n4 � 160219:3n3 þ 104661:2n2 � 44535:86nþ 8131:09;

N 3 ¼ 11343:12n4 � 16468:55n3 þ 17429:03n2 � 9429:969nþ 1810:06;

N 4 ¼ 3547692:0n4 � 2590250n3 þ 394978:0n2 � 11831:79nþ 23219:68:

ð28bÞ
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The results calculated by Eqs. (25)–(28) are shown by solid lines in Figs. 11 and 12. The numerical results
obtained for 70.3� apex angle are shown by open circles. The full plastic solutions (21), (22) are indicated by
dotted lines.

6.3. Relation between scaling functions Fd, Fp and P1h, P2h

The scaling functions Fd and Fp are formulated to describe continuous stiffness measurements. But be-
cause for metals the CSM measurement can be considered as quasi-static, the dynamic stiffness equals the
local unloading stiffness at the same indentation depth. Furthermore for homogeneous materials the rela-
tion between stiffness s and indentation depth D is linear. Thus if the unloading stiffness at maximum inden-
tation depth as shown in Fig. 1 is given, the dynamic stiffness at all indentations as shown in Fig. 2b is also
determined. Therefore one can relate Fd and Fp to the scaling functions P1h and P2h using Eq. (3) given by
Dao et al. (2001) which are based on the unloading stiffness at a specific indentation depth. The relation
between (Fd, Fp) and (P1h, P2h) is obtained by comparing Eq. (3) and Eqs. (14), (16) and (18):
Fig. 1
compu
F d ¼
2b tan h
P2h

; ð29Þ

F p ¼
8P1hb

2rr

pP2
2hrY

: ð30Þ
Fig. 14 compares the results for Fp computed at h = 70.3 using Eq. (30) with the use of functions P1h, P2h

from Dao et al. (2001) (shown by dotted lines) and that using Eqs. (26) and (27) (solid lines). The two solu-
tions are very close within the elastic–plastic regime (10 < 1=~e�Y < 200). However, because the empirical
functions obtained by Dao et al. (2001) are based on fitting by polynomials in a limited range of ln(E*/
rr) without taking into account the explicit solutions for elastic and full plastic regimes, they do not obey
the asymptotic properties of the exact solution and are not applicable for the elastic and full plastic regimes.
For example, when E*/rr approaches zero (elastic solution), an empirical function in the form of poly-
nomials of ln(E*/rr) approaches infinity. As shown in Fig. 14 by the dotted lines, Fp calculated using
4. Fp computed using Eq. (30) with the empirical equations for P1h, P2h given by Dao et al. (2001) (dotted lines) and Fp

ted using Eq. (26) (solid lines).
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P1h,P2h empirical functions does not follow the elastic solution (linear relation with 1=~e�YÞ at small ~e�Yð< 1Þ.
Further the scaled functions Fd, Fp are universal over apex angle while P1h, P2h depend on h.
7. Effect of friction on scaling functions Fd, Fp

It has been observed that the friction on the interface between a sharp indenter and a substrate has sig-
nificant effect on the plastic flow in the vicinity of the indenter and in particular on the material ‘‘piling-up’’
(Bucaille et al., 2003; Mata and Alcalá, 2004). To account for the friction effect on the scaling functions Fd,
Fp, we computed those functions using the FEM model described in Section 4 with various friction
coefficients l between the indenter and substrate surfaces.

Let us first consider the full plastic regime. The computed results at 1=~e�Y ¼ 4395:6 are shown in Fig. 15
by open symbols. Considering that a smaller cone angle has more significant influence of friction, as sug-
gested by Johnson (1985), Bucaille et al. (2003) and Mata and Alcalá (2004), we use the parameter lcoth to
Fig. 15. Effect of contact friction on the scaling functions in full plastic regime at 1=~e�Y ¼ 4395:6 for q = 70.3�. FEM computations are
given by points. Lines are Eqs. (31) and (32) with coefficients (33). (a) F1

d , (b) F1
p .
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account for the influence of cone angle h. To qualitatively describe the friction effect, we fit the numerical
results in the full plastic regime in Fig. 15 by modifying the functions F1

d ; F1
p Eqs. (21), (22) as:
Fig. 16
Eqs. (2
F1
d ¼ C1ðl cot hÞnþ C2ðl cot hÞ; ð31Þ

F1
p ¼ C3ðl cot hÞðC4ðl cot hÞ=~e�YÞ

n
; ð32Þ
where the coefficients Ci (i = 1,2,3,4) are functions of the parameter lcoth. The numerical results are cal-
culated for h = 70.3� and for this case the coefficientsCi in (32), (31) are obtained after fitting optimization as
C1 ¼ 0:481þ 0:172=ð1:0þ 6:151l cot hÞ;
C2 ¼ 0:891� 0:123=ð1:0þ 6:671l cot hÞ;
C3 ¼ 6:593� 0:995=ð1:0þ 30:2l cot hÞ;
C4 ¼ 0:1665þ 0:0535=ð1:0þ 93:79l cot hÞ:

ð33Þ
The fitting results are represented by the solid lines in Fig. 15.
. Effect of contact friction on the scaling functions at h = 70.3�, n = 0.2. Points are the FEM results; curves are computed using
5) and (26), with F1

d ; F1
p given by Eqs. (31) and (32). (a) Fd, (b) Fp.
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Fig. 16 shows the numerical results (open symbols) versus parameter 1=~e�Y in the whole elasto-plastic
range for four different friction coefficients l = 0, 0.1, 0.2, 0.3; the results are for a standard Berkovich in-
denter with h = 70.3� and work hardening exponent n = 0.2. As shown in Fig. 15, both Fd, Fp increase as
friction l increases. The friction effect reduces the contact area and diminishes the material ‘‘piling-up’’.
The effect becomes more significant as the plasticity contribution 1=~e�Y increases. Since in the elastic regime,
the friction effect is negligible and more pronounced for large 1=~e�Y, to account for it and to obtain general
formulations for Fd and Fp in the presence of friction we have substituted the full plastic solutions with
friction Eqs. (31), (32) into Eqs. (25), (26). The comparison between these general formulations with numer-
ical results are given in Fig. 16, where such computed Fd and Fp functions are shown by solid lines.
8. Applicability of scaling functions Fd, Fp for general uniaxial stress–strain relations

As discussed in previous sections, the analysis is based on the stress–strain relation approximated by the
piecewise-linear/power-law function (2). Although this relation has been widely used in simulation of
nanoindentation responses (Cheng and Cheng, 1998, 2000; Dao et al., 2001; Bucaille et al., 2003; Mata
and Alcalá, 2004), the experimental uniaxial stress–strain relation can be much more complicated and the
stress–strain relation cannot always be well represented by Eq. (2) with three variables (E, rY and n), which
reduce after scaling to two independent parameters (~e�Y, n). For example for some ferritic steels, the strain–
stress relation has two distinct regions with different strain-hardening exponents n (Umemoto et al., 2000). In
these cases, the stress–strain relation has to be approximated by a model with more than three variables,
which cannot be scaled to the model described by only two parameters. Thus in this case the universal func-
tions Fd and Fp cannot be represented in the same form of Eqs. (25) and (26). However, the loading response
and the initial unloading slope in nanoindentation tests with sharp indenters are described by two para-
meters (Cd, Cp) (Eq. (4)). Thus the stress–strain relation which has three or more independent parameters
is not uniquely related to the indentation response described by only two independent parameters.

Significant effort has been put forward in the past to relate hardness to constitutive properties of mate-
rials. As follows from Eq. (23), in the full plasticity range, as was suggested by Tabor (1951), the material
hardness is dependent on only one parameter: representative stress rr. In the spherical cavity model pro-
posed by Johnson (1970, 1985) the hardness is represented using Tabor�s representative stress rr and scaling
parameter ~e�Y. Larsson et al. (1996) and Larsson (2001) have demonstrated that the FEM calculated and
experimental hardness data are better approximated by the Johnson model when two representative stresses
are used. By FEM analysis, Larsson (2001) has shown that material having different irregular stress–strain
curves which have the same two representative stresses at representative strains 2% and 35% have the same
hardness.

In this section we will compare the indentation responses for different stress–strain relations which do
not obey the power law (2). Following Larsson (2001) all of them will have the same stress at two repre-
sentative strains (2% and 35%). One can always select uniquely the equivalent (representative) power law
stress–strain function (2) passing through the same representative stresses. The equivalent materials will
have the same Young�s modulus, as the original materials with more general stress–strain curves, and equi-
valent rE

Y and nE. In this case, using these equivalent parameters one can use the universal functions Fd and
Fp represented by Eqs. (25), (26) to predict indentation response which will be compared to those calculated
by FEM for materials with selected general stress–strain relations.

To investigate the applicability of the universal functions Fd and Fp to materials with more complicated
stress–strain relations, let us first consider a more general stress–strain representation
r ¼
Ee; r < r1;

r1 þ r0e1=mp ; r P r1;

(
ð34Þ
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where ep is plastic strain, E, r1, r0 and m are four independent parameters (the total strain e is the summa-
tion of the plastic ep and elastic r /E strains). The scaled stress–strain relation of Eq. (34) can not be reduced
to two independent parameters as in Eq. (2). For a material with stress–strain relations described by
Eq. (34) with a given set of parameters E, r1, r0 and m, the stresses at 2% and 35% representative plastic
strains are determined and the equivalent material parameters E, rE

Y and nE in Eq. (2) are selected to obtain
the same stresses at those representative plastic strains. As an example, Fig. 17 shows as a solid line the
stress–plastic strain relation calculated using Eq. (34) with r 1 = 1.0 GPa, r0 = 0.5 GPa and m = 3.3 and
the corresponding power-law relation (2) (rE

Y ¼ 1:0429 GPa and nE = 0.0637) is shown by a dotted line,
which has identical stresses at 2% and 35% plastic strains. The ‘‘exact’’ indentation response for the
stress–plastic strain relation (34) (the solid line in Fig. 17) is calculated using FEM and plotted as dotted
lines in Fig. 18 for two materials with modulus E = 100 GPa and 200 GPa respectively. The Poisson�s ratio
is 0.3 and the half angle of the sharp indenter is 70.3�. Using the equivalent power-law relation (the solid
line in Fig. 17), the ‘‘approximate’’ indentation response using the scaling functions is calculated: first one
calculates Fd and Fp by substituting E, rE

Y and nE into Eqs. (25), (26), then computes the indentation re-
sponse Cd and C using Eqs. (29a,c). With the parameter C we obtain the loading response P = CD2 and
with the parameter Cd, we obtain the unloading slope s=Umax/Cd at indentation depth Umax. The ‘‘approx-
imate’’ indentation responses are plotted as solid lines in Fig. 18. Comparing the ‘‘exact’’ (solid lines) and
‘‘approximate’’ (dotted lines) in Fig. 18, we can see, using two representative plastic strains, that the scaling
functions are applicable to computing the indentation response for materials with more general stress–
strain relation.

To investigate the sensitivity of the scaling functions to different types of stress–strain relations, we have
used five stress–plastic strain curves shown in Fig. 19. The 4th curve is calculated using Eq. (34) with
r1 = 1.0 GPa, r0 = 1.5 GPa and m = 3.3. The irregular stress–strain curves 1–3 are represented using piece-
wise-linear functions. The power-law approximation (2) has yield stress rE

Y ¼1.184 GPa and nE = 0.139 and
is plotted as a dotted line in Fig. 19. All the relations have the same stresses at 2% and 35% plastic strains
and the elastic modulus is 200 GPa and Poisson�s ratio is 0.3. The ‘‘exact’’ indentation responses for the
four nonpower-law stress–strain relations given in Fig. 19 are computed using FEM and plotted as symbols
Fig. 17. Approximation of the stress–strain relation (34) (solid line) by the power-law function (2) (dotted line). The equivalent power
law function parameters (rE

Y and nE) are selected such that the stresses for both functions are equal at two representative plastic strains
2% and 35%.



Fig. 18. Comparison of indentation responses calculated using stress–strain relations (2) and (34) for materials with two different
Young�s moduli (100 and 200 GPa). Open circles are FEM simulations with the stress–plastic strain relation given by the solid line in
Fig. 17. The solid lines are calculated using the scaling functions (Eqs. (25), (26) and (19a,c)) with the approximated power law stress–
strain relation (2); for unloading only initial unloading slope S is shown by the straight solid line.

Fig. 19. Stress–strain relations with different degrees of deviation from the power-law approximation Eq. (2) (dotted line). Stress–
strain relation 4 is calculated using Eq. (34). Relations 1–3 are represented by piecewise-linear functions. All stress–strain curves have
the same stresses at 2% and 35% plastic strains.
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in Fig. 20. The indentation response for the approximated power-law relation is calculated using scaling
functions and is plotted as a solid line in Fig. 20. One can see that the irregularity of the stress–strain rela-
tions has little effect on the indentation response as long as all have the same stress at two representative
strains. Therefore the indentation response for those relations can be well described by the scaling functions
derived from the equivalent power-law relation.



Fig. 20. Calculated loading/unloading indentation cycles using the stress–strain relations given in Fig. 19, Young�s modulus is
200 GPa. The results (symbols) for nonpower-law relations 1–4 are calculated using FEM. The solid line is for the power-law relation;
it is calculated using the scaling functions (Eqs. (25), (26) and (19a,c)); for unloading only initial unloading slope S is shown by the
straight solid line.
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9. Conclusions

Using scaling analysis, two universal functions which relate the two independent parameters (slope of the
D–s and P–S2) in the CSM nanoindentation measurement to the material elasto-plastic properties have
been obtained. For materials with power-law strain hardening behavior the scaled functions reduce the
number of the governing parameters from five (apex angle h and four material properties E, m, n, rY) to
only two nondimensional parameters ðn;~e�YÞ. The finite element method with linear dynamic and static per-
turbation is used to simulate CSM nanoindentation and verify the universality of the functions. Explicit
equations for the universal scaled functions have been obtained by fitting the numerical results with and
without friction. The explicit solutions asymptotically approach the elastic solution at a low plasticity state
and the full plastic solution at a high plasticity state and are thus valid for arbitrary elasto-plastic states of
the materials with power-law strain hardening behavior. The simple solution has advantages for inversion
of the data in CSM nanoindentation measurements. The practical usefulness of the scaling functions for
nonpower-law stress–strain relations has been addressed. The important conclusion is that materials with
different nonpower and power-law uniaxial stress–strain curves have almost identical indentation responses
as long as the stress–strain curves have the same stresses at two representative strains: 2% and 35%. There-
fore the indentation response can be well described by the scaling functions derived from the equivalent
power-law function which is selected to pass through the same two representative strains.
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Hill, R., Storåkers, B., Zdunek, A.B., 1989. A theoretical study of the Brinell hardness test. Proc. Roy. Soc. London A 423, 301–330.
Johnson, K.L., 1970. The correlation of indentation experiments. J. Mech. Phys. Solids 18, 115–126.
Johnson, K.L., 1985. Contact Mechanics. Cambridge University Press, Cambridge.
Joslin, D.L., Oliver, W.C., 1990. A new method for analyzing data from continuous depth-sensing microindentation tests. J. Mater.

Res. 5, 123–134.
Knapp, J.A., Follstaedt, D.M., Myers, S.M., Barbour, J.C., Friedmann, T.A., 1999. Finite-element modeling of nanoindentation.

J. Appl. Phys. 85, 1460–1474.
Larsson, P.L., 2001. Investigation of sharp contact at rigid-plastic conditions. Int. J. Mech. Sci. 43, 895–920.
Larsson, P.L., Giannakopoulos, A.E., Soderlund, E., Rowcliffe, D.J., Vesergaard, R., 1996. Analysis of Berkovich indentation. Int. J.

Solids Struct. 33, 221–248.
Li, X., Bhushan, B., 2002. A review of nanoindentation continuous stiffness measurement technique and its applications. Mater.

Character. 48, 11–36.
Lockett, F.J., 1963. Indentation of a rigid/plastic material by a conical indenter. J. Mech. Phys. Solids 11, 345–355.
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